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1. INTRODUCTION 
Suppose G is a finite group and G has a Sylow 2-subgroup of the form 
Q x R. In a previous paper [4], we showed that, under certain conditions 
on Q (in particular, when Q is a generalized quaternion group), the group G 
cannot be simple. In this paper, we use some recent results of D. Goldschmidt 
to determine some weaker conditions on Q which guarantee that G is not 
simple. 
Our main results are the following. 
THEOREM A. Suppose S is a Sylou) 2-subgroup of a Jinite group G, Q and R 
are subgroups of S, and S = Q x R. Assume that Q is indecomposable and 
that L&(Q) Z Z(Q). Assume also that Q is neither an Abelian group BOY a 
generalized quaternion group. Then there exist subgroups Q* alzd R* of S 
such that 
and 
S=Q”xR=QxR”=Q’xR* (Al) 
Q,(Q*> n f&,,(G) = -%Q*> n 0,4%(W) 
= Q,(Q*) n O,,,,(C,(R*)). (Aa 
THEOREM B. Let Q be an indecomposable, non-dbelian jinite 2-group such 
that L+(Q) C Z(Q). Then the following conditions on Q aye equivalent. 
(Bl) Whenever Q is a Sylow ‘-subgroup of a jnite group G, then 
Q n O,,,,(G) # 1. 
(B2) Whenever R is a 2-group and Q x R is a Sylow 2-subgroup of a 
jinitegroup G, the?2 (Q x R) n O,,,,(G) f  1. 
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Here, O,(G) is defined to be the largest normal 2-subgroup of a group 6, 
and Q,,,,(G) is defined to be the normal subgroup H of G for which H 
contains O,(G) and H/O,,(G) = O,(G/O,,(G)). The rest of our notation 
is taken from [4], to which we will refer as I. 
Theorem B was conjectured to the author by D. Coldschmidt. It is an 
analogue of Theorem D of I. The following is an example of the difference 
between the two results. Take any odd integer z greater th.an 3 and let 
q = 2”. Let 6 be a nonidentity automorphism of the Galois field of order q 
such that xd” + x for some element x of the field. Define Q to be the “Suzuki 
2-group” A(??, 6), as defined in [Xl. Then Q is indecomposable. SIoreover, 
0 is not a Sylow 2-subgroup of a simple group in Suzuki’s family (defined 
in [lo]), by [g, Theorem 2, p. 941 and [lo, Theorem 6, p. 127]. Clearly, 
0 violates the conditions of Theorem D of I. h-iowever, by a recent result 
of Collins [l], Q satisfies the conditions of Theorem B of this paper. 
In the following, we shall use the notation of I, In particular, all groups 
are assumed to be finite. Moreover, if G is a p-group, then d,(G) is the 
maximum of the orders of the elementary Abelian subgroups of G 2ad 
JJG) is the subgroup of G generated by the elementary Abelian subgroups 
of order d&(G). We shall often use without reference the following two facts: 
I f  G is a group and H 4 G, the11 
O,,(H) C O,,(G), G(H) C G(G), and O,,#-f) i O,-,,(G). 
I f  S is a Splow p-subgroup of G and E is a strongly closed subgroup of S 
with respect to G, then for every p-subgroup I‘ of G that contains E, E is 
strongly closed in T with respect to G. 
2. I~EQuIRED REsuL-rs 
The main tools that allow us to work with O,,,,(G) rather than Z*(G) 
are the following important results of Goldschmidt: 
THEOREM 61 [Sj. Suppose S is a Syloz 2-subg~mp oJf a $nite group G 
and d is an dbelian subgroup of S ulhich is strongly closed in S with Fespect 
to G. Furthemaore, suppose b is an inaohltion in CJAj - A such that 
A C O,,,,(C(a)) for every irwoZution a ill the coset Ab, Thez A 2 Q,,,,(G). 
THEOREM G2 [6, Theorem 3.11. Suppose B is an AbeliaTr 2-subgroup of 
a$nite group G and the minimal number of generators of B is at least 3. Suppose 
also that A is a ?zoncyclic subgroup of B such that A C 0,,3,(C(b)) for each 
involution b sf B. Let W = (O&C(a)) j a E SZ,(Aj - (I)>. The-n Tt’ has odd 
order. 
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The two main results of I which we require are the following, which 
are Theorem B, Theorem 3.1, and Corollary of Theorem D of I, respectively. 
(In Theorem 12, J(S) is defined as in [7, p. 2711; however, in this paper, 
we will not need to apply the case in which J = J(S).) 
THEOREM I 1. Let p be a prime, S be a Sylow p-subgroup of a finite group G, 
and K be CSGW(J~(~NN. S~PP ose k is a positive integer and Tl ,. .., Tk 
are isomorphic subgroups of K. Let T = (Tl ,..., T&. Assume that: 
(Bl) every element of N(K) pmmutes Tl ,..., Tk by conjugation; 
(B2) T = Tl x ‘+. x Tk ; 
(B3) zuhenever 1 < i < k and P is a p-subgroup of N(T,) that contains 
Ti , then Ti is a direct factor of P and !& Ti) g N(P) n N( Ti’); 
(B4) Tl is not Abelian and Ql( T,) _C Z( T,); and 
(B5) either p is odd or Tl is not a generalized quaternion group. 
Then 4(T) is strongly closed in S with respect to G and, ifp = 2, 
Li$( T) n Z(N(K)) _C Z*(G). 
THEOREM I 2. Suppose p is a prime, S is a Sylow p-subgroup of a group G, 
and S = Q x R. Assume that Q is indecomposable and not Abelian and that 
G,(Q) _C Z(Q). Define J to be J(S) ifp = 2 and Q is a generalized quaternion 
group and to be Je(S) otherwise. Let K = C,(Sr,(Z(J))), L = N(K) n N(Q’), 
and k = 1 N(K): L I. Then there exist isomorphic subgroups Tl ,..., Tk C K 
such that 
(a) S = Tl x R, 
(b) Tl ,..., TIC satisfy conditions (Bl), (B2), and (B3) of Theorem I 1, and 
(c) if ,Q n Z(N(S) n N(Q’)) + 1, tlzen there exist elements 71 E Tl ,..., 
rkE Tk, each of order p, such that 71 ... 78 E Z(N(K)). 
THEOREM I 3. Suppose G is aJinitegroup and some Sylow 2-subgroup S of G 
has a generalized quaternion group as a direct factor. Then S n Z*(G) f 1. 
From Theorems I 1 and I 2 we derive the following result. 
COROLLARY I 4. Let S be a Sylow 2-subgroup of a group G. Suppose Q is 
a non-Abe&an, indecomposable direct factor of S and G,(Q) C Z(Q). Assume 
that Q is not a generalized quaternion group. Take R C S such that S = Q x R. 
Then there exist k > 1 and Q”, E, El ,..., Ek C S such that 
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(a) 5’ = Q* x R, 
(b) 4 = QdQ*), 
(c) E = El x ... x E, ) 
(d) E is strongly closed in S with respect to G, a?zd 
(e) N(E) pernrutes E1 ,..., E, by conjzlgation. 
E'roqf. In this situation, the hypothesis of Theorem I2 is satisfied. 
Take k, K, and TI ,..., Tk as in Theorem I 2. By deleting some of the groups 
Ti and making K smaller, if necessary, we may and will assume that Tr ,~..l T,< 
are all conjugate to TI inN(K). Set Q* = TI and Ei = Q,(TJ for i = l,..., k. 
Let E = EI x ... x Ek . Then (a), (b), and (c) follow immediately, and 
Theorem I 1 yields (d). 
By (a), Q* z Q and Z(Q*) C Z(S). Hence, 
EI = QI(Q*) C Z(Q”) C Z(S). 
As & _C T1 C K, E1 C Z(K). Suppose 1 < i < k. Since Ti is conjugate to 
Tl in N(K), E, C Z(K). Hence, E $ Z(K), and KC Cs(E). 
By (d), S C N(E). Therefore, by the Frattini argument, 
N(E) = C(E) N(C,(E)). (2~1, 
By a short argument (or Lemma 3.3 of I), K is weakly closed in S wirb 
respect to G. Hence, N(C,(E)) C N(R). N ow, (ej follows from condition 
(Bl) of Theorem I 1 and from (2.1). 
In order to use the strong closure of E, we use the following result. 
THEOREM S [3, Theorem 6.11. Let S be a Sylozu p-subgroup of a group G. 
Suppose E is an Abelian strongly closed subgroup of S with respect to G. Then 
E controls strong fusion in S with respect to G, that is, wheneaer R’ _C S, g E G, 
and If7g C S, then there exist c E C(W) and n E N(E) such that CB = g. 
Finally, we state a number of lemmas. 
Lmnul 1 (Proposition 2.2 of I). Aswne that G is a group, El1 ,..., K, arE 
indecomposable subgroups of G, and G = HI x ... x H, I Suppose 
I<r<s, H,r..,rH,., and Hi$HI fwy i = I’ + I,.*., s. 
Then each automorphism of G permutes the subgroups H,Z(G),... I H,Z(G) 
alzd permutes the subgroups HI’,..., H,’ in the same naanner. 
LEM~LA 2 (Proposition 2.6 of I). Let S be a Sylcz~ p-subgroalp OJ a group G, 
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Suppose Q is a non-Abe&an indecomposable subgroup of S and S = Q x R. 
Then. there exist Q*, R* C S such that 
(a) S=Q*XR*=QXR*=Q*XR, 
(b) Q*, R* a N(S) n N(Q’) = N(S) n N(QZ(S)), and 
(c) Q”’ = Q’, R”’ = R’. 
LEMMA 3. Suppose U is a normal 2-subgroup of a group G, and 
Oe~(Cc(U)) = 1. Then O,,(Co(U)U/U) = 1. 
Proof. Let W = Co(U) and V/U = O,,( WV/V). Then V is a 2-solvable 
group and U = O,(V). S ince v  4 G, O,(V) _C O,,(G) C O,,(W) = 1. By 
a result of Hall and Higman [7, Theorem 6.3.2, pp. 226-2281, 
w n v  c C,(O,( V)) c O,(V) = u. 
As lJ_C VC WV, V = U(Vn FB) = U. So, V/U = 1. 
LEMMA 4. Let S be a Sylow 2-subgroup of a group G. Suppose T and U 
are subgroups of S and H is a normal subgroup of odd order in G. Let 
V = U n O,,,,(G) and W = U n O,,,,(C(T)). For each subgroup L of G, 
let E = LHIH. Then 
(a) the natural mapping of S o&o s is an isollzorphism, 
(b) C&=) = C,(T)H/H, iv,(T) = N,(T)H/H, 
(4 WCs(~)> = ~dCs(T))WH, 
(d) v  = 0 n Oar,,(G) and W = u n O,,,,(C,(l’)), and 
(e) if H _C L C G, then O,,,,(L/H) = O,,,,(L)H/H. 
Proof. (a) This is obvious, since S n H = 1. 
(b) Take IV, N,, _C G such that N1 N, 1 H, N/H = NC(T), and 
No/H = C&T). Clearly, 
C,( T)H _C No( T)H _C IV, TH4 N, and C,(T) c N/H. 
By the Frattini argument, 
N = (HT) NN( T) = HN,( T) = HNG( T). 
Hence N, = H(N,(T) n No) = HCJT). 
(c) This follows from (b). 
(d), (e) Part (e) is obvious. By (e), 
V C ff n O,,,,(cT) = (UN n O,,,,(G))/H = H(U n O,,,,(G))/H 
= HVIH = F. 
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A similar argument, using (b), completes the proof of (d) and, thus, of the 
lemma. 
3. STRONGLY CLOSED ABELIAN SUBGROUPS OF SPLOW ~-GROUPS 
THEOREM 1. Suppose S is a SJ&I~ Zsubgroup of a group G azd E is a 
strongly closed Abelian subgroup of S with respect to 6. 
Suppose R C C,(E), E n R = 1, and RI! NG(C,(Ejj. Tim 
E n O,,,,(G) = E n O,,,,(C,(R)j. 
Proof. We use induction on the order of G. Let F = E n O,,,,(C,(R)). 
Clearly, F 2 E n O,,,,(G). Hence, it suffices to prove that F C O,,,,(G). 
As S C N(E), the Frattini argument and the hypothesis yield that 
NG(E) = C,(E) N&C,(E)) = C,(E)(,VG(Ej n N,(R)!. (3.1) 
Since 8’ C E and C,(R) a N(R), 
F 4 C(E) and F = E n O,,,,(C(R)) 0 N(Ej n N(R). 
Hence, F 4 N(E). By Theorem S, 
(3.2) F is strongly closed in S with respect to 6. 
Suppose O,(G) + 1. Then we are done, by Lemma 4 and induction 
Therefore, we will assume, henceforth, that O,(G) = 1. 
Let T = O,(G) and U = C,(E). Take any g E G. Then Us L T C S. By 
Theorem S, there exists IZ E N(E) such that Ulz = Co. Hence, 
Uy C C(E) n T = C. 
Thus, t:g G. Consequently, E L C(U) 4 G and Cs(t:) is a Svloiv 
2-subgroup of C(U) Therefore, C,(U) C,(E) is a Sylow 2-subgroub of 
C(U) C,(E). 
Suppose C(U) C,(E) C G. Then, by induction, F L Ozfl,,(C(Uj C,(E)). 
Since E L C(C), 
as desired. 
FL O,,,,(C(U)) C O,,,,(Gj, 
Assume that C(U) C,(E) = G. Suppose now that R C Ii. Then R is 
centralized by C(U) and normalized by C,(E). Therefore, R 0 G and 
as desired. 
F C O,,,,(C(R)) 6 O,,,,(N(R)) = Q,,,,(G), 
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Assume that C(U) C,(E) = G and R $ U. Since U = C,(E), R n T = 
R n UC R. For every element g of G and every subgroup L of G, let 
g=gu and E = LUIU. 
Take x E R - U and El C G such that PE &(Z(,??)) n i?, H > U, and 
H/U = C&z). S. mce U = C,(E), R n T = R n U. Therefore, X$ T = 
O,(G). Hence, H C G. By induction, 
F _c O,,,,(H) and F 2 O,,,(R). 
SupposefF E S - T for everyf f  1 in QI(P). Then (3.2) and Theorem Gl 
yield that F C O,,,,(G). As F 2 C(U) 4 G, 
FL O,~,,(C(U)U/U) = O,(C(U)U/U)C O,(C), 
by Lemma 3. Since U is a 2-group, Fc O,(G) C O,,,,(G). 
Thus, we are left with the case in which there exists somefEF for which 
f~ Q#), f  f  1, and f~ E T. Here, we will derive a contradiction. Since 
E is Abelian, $X E C,(E) = U. Take any g E N(E) n N(R). Take c E C(U) 
and do C,(E) such that cd = g. Then ~0, xd E R, of = f,x, and 
r”f” = (XT)” = (“Yf)C” = (xf)” = x”f” = ,$f. 
so (x*)-f x” = f( f”)“. s- mce E n R = 1, f” = f.  Thus, N(E) n N(R) 
centralizes f. By (3.1), N(E) centralizes f. By Theorem S, f is weakly closed 
in S with respect to G. By Corollary 1 of [2], f  E Z*(G). Since O,)(G) = 1 
andfE E, 
f E O,(G) n C(E) = C,(E) = U. 
Thus, f  = 1. Th‘ IS contradicts the choice off and completes the proof of 
Theorem 1. 
THEOREM 2. Suppose S is a Syloru 2-subgroup of a group G ad E is a 
strongly closed dbelian subgroup of S z&z respect to G. 
Suppose E = El x ‘.. x El, and N(E) permutes EI ,..., EI, by conjugation 
(not necessady transitively). Assume that k > 1 and that 1 sZ,(E,)I > 2. Then 
E1 n 02f,2(G) = El n O,?,,(C(E, ... I?,)). 
Proof. We use induction on the sum of 1 G / and k. Let 
Fl = El n O,r,,(C(E, ... Ek)). 
Clearly, FI > E1 n O,,,,(G). Hence, it suffices to prove that Fl _C O,,,,(G). 
By Lemma 4 and induction, we may and will assume that O,,(G) = 1. 
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Assume first that, for some i, E, is not conjugate to E1 under N(E). For 
convenience in notation, we will assume that for some j < K the conjugates 
of El under N(E) are El ,..., Ej . Then E1 .*’ Ej and Ej+I ... Ek are both 
normalized by N(E) and, by Theorem S, are both strongly closed subgroups 
of S with respect to G. Let G* = C(E,+, ..’ E,). By Theorem 1, 
4 n O,,,,(G) = El n O,j,,(G*). 
Thus, we are finished in this case if j = 1. If j > 1, then by induction 
El n O,,,,(G*) = El n O,T,,(C,,(E, -s. Ej)) = Fl , 
as desired. 
Now assume that, for every i, Ei is conjugate to El under IV(E). Then 
1 Q,(E,)j > 2 for all i. For each i, let 
Di = (El ... E,-1) x (E,+l ... EJ and F, = Ei n O,,s,(C(Di)). 
Set F =Fl x ..’ x Fk . Then the subgroups Fi are permuted transitively 
under conjugation by N(E), and F a N(E). By induction, 
(3.3) whenever E C H C G: then F C O,t,,(H). 
Suppose E1 n O,,,,(G) + 1. Since O,(G) = 1 1 E1 n O,,,,(G) C O,(G) C S. 
Let E* = E n O,(G). By the strong closure of E in S, it follows that 
E* 4 G. Since N(E) permutes the subgroups E; transitively by conjugation, 
C(E*) C C(E, n O,(G)) C G. 
By (3.3), Fl C F C OZ1,2(C(E*j) C O,?,,(G). 
Henceforth, we will assume that Fl f 1 and that 
El n O,,,,(G) = 2. (34%) 
Eventually, we will obtain a contradiction. 
Let F,* be a minimal normal subgroup of M(Q contained in Fl . Then 
.F1*’ is an elementary Abelian group. Define F* to be the product of the 
groups (F1*>“, g E N(E). Note that there are precisely k such groups (FIX)9 
and that F* is their direct product. Moreover, F* (I N(E) and, by 
Theorem S, F* is a strongly closed subgroup of S with respect to 6. Suppose 
that F,* C Q,(E,). Take e E Q,(Z?r) - F,“. Then by (3.4) and Theorem Gl, 
there existsfE F* such thatF* e 02,,2(C(ef)). By (3.3), C($) = G. IHowever, 
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This contradiction shows that F 1* = Qr(Er). Thus, F* = &n,(E) and N(E,) 
acts irreducibly on 8,(&). S’ mce j Qr(E,)I > 2, El CI Z(N(E,)) = 1. By 
Theorem S, 
El n Z(N(E) n N(E,)) = 1. 
Since all the subgroups Ei are conjugate under N(E), 
Ei n Z(N(E) n N(E,)) = 1 for each i. (3.5) 
Take any e f 1 in F*. Then there exist e, E Ei for each i such that 
el ... ek = e. Take j such that ej + 1. Then 
C.W,)~~(~) (4 L CN~,)~N(E) (4 C NEd n WE), 
by (3.5). Therefore, C,(e) C G. Thus, by (3.3), 
F* C F _C O,,,,(C(e)) for every e f 1 in F*. (3.6) 
Define JJf to be the subgroup of G generated by the groups O,(C(e)), 
e E F* - {I}. Since 
(3.6) and Theorem G 2 yield that W has odd order. Define M to be N(W) 
if W # 1 and to be N(F*) if JJ’ = 1. Then Ml N(F*). Since O,(G) = 1, 
(3.4) yields that MC G. 
Take e EF* - {I}. Let T be a Sylow 2-subgroup of C(e) that contains F*. 
By Sylow’s theorem and the strong closure of F* in S, F* is strongly closed 
in T with respect to G. Hence, by (3.6) and the Frattini argument, 
C(e) = O,~,dC(e>> IC’,dT n 02,,2(C(e))) 
= O,,(C(e)) NC&F*) _C JKVo(F”‘) _C M. 
Thus, 
C(e) C nd for every e EF* - {l}. (3.7) 
Suppose e E F* - {l}, g E G, and eg E &I. Then there exists m E iI4 such 
that (eg)m E S. By the strong closure of F* in S, eg”’ E E and eQm = en for 
some n E N(E). Then gmn-l E C(e) _C M, by (3.7). Since m E M and 
n E N(E) C &I, g E II.& This shows that 
(3.8) if e EF* - (l}, g E G, and eg E AZ, then g E M. 
Nowtakee~F~*-{l}andf~F, * - (I}. Then e and ef are not conjugate 
under N(E) and, therefore, are not conjugate in G, by Theorem S. Take 
g E G - M. By (3.X), 
wg t+ M- (3.9) 
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Let 
D = (e, (ej”)g> and N = e(ef)g. 
Since e and ef are not conjugate in G, x has even order. 
Let S* be a Sylow 2-subgroup of D that contains e. Then 1 S* j > 4 
and there exists d E D such that S* = (e, (es)““>. Take iz E G such that 
S*li C S. By (3.5) and the strong closure of F* in S, 
h E M, e’l, (ef) gdh EF*, and 
Hence eh centralizes (ef)gdh, and e centralizes (ef)““. So: S* C C(e) C .8To 
Let 3’ be the unique involution in (N>. Then y  E S* C :;ZP and! by (3.7) 
and (3.101, D” C C( -y”) _C M and h E M. Therefore, (ej)g E X, contrary to 
(3.9) This contradiction completes the proof of Theorem 2. 
THEOREM 3. Suppose S is a Syh 2-subgroup of a gtw~ G and E is 
an Bbelian stwxgly closed subgroup of S with respect to G. 
SU@X~ k 3 1, E = El x ,. x E, , and K(E) permtltes El ,...~ E, &I 
conjugation (not necessarily transitively). Assume that / !Z,(E,>i > 2 and that 
tt’aere exisfs Q C S such that E n Q’ + I, El = E n Q, aizd Q is a direct 
factor of some Sylow 2-subgmlp S” of N(Er). Wizen there e,l:ists R c S* suck 
that 
S” =o % R and El n O,,,,(C(R)) = E, A O,,,,(G). 
P.wof. We use induction on the sum of 1 G / and r”i. By Theorem S 
and induction, me may and will assume that E1 ,..., E, are transitively 
permuted by V(E). By the strong closure of E in S, N(Q) C N(Ei). Therefore, 
replacing S* by some conjugate of S* in V(Q) if necessary, we may and 
will assume that S* >_ Ars(Q) 3 QE. By the strong closure of E, E g S*. 
Suppose k = 1. Then E = E, C Q. By Sylow’s theorem, E is strongly 
closed in S* with respect to G. Hence, 
1 + E n Q’ = E n (S*j’ g N(P). 
For euerj-g E N(S*), 1 + E f~ Q’ C 0’ n (Q’)y. By Lemma 1? N(S*j _C X(0’>. 
By Lemma 2$ there exists R C S* such that R O_ N(P) and S”’ = ,Q >< W. 
By Theorem I, 
E n O,,.,(G) = En O,l,,(C(R)). 
Suppose k > 1. Let G* = N(E, ... E,). Then G* C G and 
S* C N(E,) n N(E) = N(E) n G*. 
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Since S* is a Sylow 2-subgroup of N(E,), S* is a Sylow 2-subgroup of 
Nc&). By induction, there exists R _C S* such that 
S”=QxR and El n O,T,,(C,,(R)) = El n O,,,,(G*). 
Since El _C C(E, ... EJ 4 G*, Theorem 2 yields that 
El n O,!,,(G) = El n O,r,,(C(E, -.. Ek)) = El n O,,,,(G*). 
This completes the proof of Theorem 3, since 
El n 0,~,,(G@1)) 2 4 n O,~,,G(RN 2 4 n %(G). 
4. PROOF OF MAIN RESULTS 
We first prove Theorem A. Assume the hypothesis of the theorem. Take 
k, Q*, E, and El ,..., EI, as in Corollary I 4. Then 
4 = QdQ*) and S=QxR==Q*xR. 
Let S* = S. By Corollary 14 and Theorem 3, there exists a subgroup R* 
of S such that 
S=Q* x R” and El n O,,,,(G) = El n O,,,,(C(R*)). 
By the Krull-Remak-Schmidt theorem [9, Satz 12.3, p. 661 (or Proposi- 
tion 2.1 of I), S = Q x Rx. Since C(R*) C N(R*) C G, 
as desired. 
El n O,,,,(G) = El n O,r,,(N(R*)), 
The remainder of this section is devoted to the proof of Theorem B. 
Clearly, condition (B2) implies condition (Bl). Assume now that Q violates 
(B2). Take G and R such that (B2) is violated by G, R, andQ. Let S = Q x R. 
Then 
S n O,,,,(G) = 1. (4-l) 
We will show that Q violates (Bl). 
By (4.1), S n Z*(G) = 1. Therefore, Q is not a generalized quaternion 
group, by Theorem I 3. Take Q* and R* as in Theorem A. For convenience 
in notation, we will assume that Q = ,Q* and R = R*. By (4.1) and 
Theorem A, 
Ql(Q) n O,,,,(C(R)) = 1. (4.2) 
Since R 4 5’ and C(R) a N(R), C,(R) is a Sylow 2-subgroup of C(R). 
As C,(R) = Q x Z(R), 
(4.3) Q x Z(R) is a Sylow 2-subgroup of C(R). 
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Let L = Q2,,2(C(R)). By (4.3), 
(4.4) L a QZ(R) is a Sylow 2-subgroup of E. 
However, Z(R) CL n QZ(R) _C Q.Z(R). Hence, L n ,OZ(Rj = Z(X) x (L n Q). 
By (4.2), L n Q,(Q) = 1. Therefore, L n Q = 1 and, by (4.41, 
L = O,,(C(R))(L n QZ(R)) = O,,(C(R)) Z(R). (4.. 5) 
Let M = @(C(R)), H = C(R)/M, and U = Z(R)M/X. By (4.5) ar,d 
the definition of L, 
L = J~IZ(R), u = O,(H), and O,(H;t’) = 1. 
By Lemma 3, @(H/U) = 1. Consequently, O,,,,(H/Gj = i. By (4.3), 
0 is isomorphic to a Sylou- 2-subgroup of H/U. Thus, Q violates condition 
(Bl). This completes the proof of Theorem B. 
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